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Abstract
The temperature perturbations of the cosmic microwave background radiation (CMB)
appear systematically suppressed, at large angular scales, with respect to the prediction
of the ΛCDM concordance model. This behavior might be a glimpse of the inflaton decel-
eration from fast-roll at the start of inflation. If this were true, the spectrum of primordial
tensor perturbations should be distorted in a corresponding way, with a suppression of
large angular scale B-mode polarization that might be within reach for future probes like
LiteBIRD. We investigate this scenario by a semi-analytic method based on a truncation
of the B-mode polarization spectrum, which in our opinion has the virtue of highlighting
the underlying Physics. We present some mild evidence that, with sufficient knowledge of
the reionization process, the suppression of large-scale B-modes might be within reach.
1 Introduction
The temperature perturbations and the polarizations of the cosmic microwave background
radiation (CMB) around the 2.7K black-body profile encode invaluable information on the Uni-
verse at its early stages. In particular, they provide constraints on the dynamics of inflation, on
the nature of dark matter and on the process of recombination. The ΛCDM concordance model
of Cosmology accounts well for CMB perturbations and polarizations, but also for other large-
scale aspects of the Universe, including the present abundance of light nuclei (nucleosynthesis)
and the present phase of acceleration [1].
One can extract a lot of important information from small angular scale perturbations and
polarizations of the CMB. Yet, large angular scales contain pristine information on earlier times
in the history of the Universe, although lower statistics and cosmic variance result in larger
errors. A systematic suppression of temperature perturbations for multipole moments ℓ < 30,
corresponding to angular separations ∆θ ≃ π/ℓ, has emerged independently in COBE, WMAP
and PLANCK data [2, 3, 4, 5, 6, 7]. This ΛCDM model driven by high-ℓ data predicts low-ℓ
temperature perturbations that would be larger than the observed ones, so that this lack of
power at low-ℓ is one of the so–called low-ℓ anomalies. Although the statistical significance of
this low-ℓ suppression is not very high, it may be confronting us with deep hints on phenomena
that occurred at the early stages of inflation (see [8] for a short review).
The ΛCDM model rests on the Chibisov–Mukhanov [9] primordial power spectrum of scalar
perturbations,
PS(k) = AS
(
k
k0
)nS−1
, (1)
where k is the wave number of the perturbation, k0 is a pivot scale, AS is the amplitude at the
pivot scale and nS is the spectral index. The standard slow-roll inflation yields almost scale-
invariant primordial power spectra, with a red tilt consistent with the value nS = 0.965±0.004
measured by PLANCK [10]. Since inflation must have ended, leaving way to a hot Universe
by reheating, many phenomenological inflation models provide cut-offs in PS(k) at larger k.
On the other hand, a cut-off (or some detailed structure) of PS(k) for small values of k could
in principle account for the low-ℓ suppression, if the present horizon scale were exposing us
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somehow, by a remarkable cosmic coincidence, to perturbations reflecting the start of inflation.
In the simplest models, inflation starts when a special scalar field, the inflaton, undergoes a
transition from fast-roll to a slow-roll behavior driven by an almost flat potential (see [11] for
example). The resulting deformations of primordial power spectra entail a typical cut-off in
PS(k), which is to approach a k
3–profile at small k (a typical example is discussed in detail in
[12]). The power cut is possibly accompanied by some signs of peculiar dynamics [13, 14]. The
simple deformed power spectrum
PS(k) = AS
(
k
k0
)3
[(
k
k0
)2
+
(
∆
k0
)2]2−nS2 (2)
captures the gross features of the transition region, in a model independent way [13, 14], and
the analysis in [15, 16] showed that the value
∆ = (0.351± 0.114)× 10−3 Mpc−1 (3)
fits reasonably well PLANCK data at large galactic latitudes. The determination of ∆ improves
indeed with galactic masks that are larger than the minimal PLANCK standard one, and the
value that we refer to here with the best statistical significance was obtained with a galactic
mask blindly extended by about 30 degrees [15, 16].
The power spectrum in eq. (2) is part of a family of analytical power spectra introduced
in [13, 14] to account for the transition of the Mukhanov–Sasaki potential from the negative
values typical of fast–roll to the positive Coulomb–like barrier of slow–roll. A lack of power
along these lines emerged, at weak string coupling and thus somewhat reliably, from “brane
supersymmetry breaking”, a high-scale mechanism [17] that presents itself in String Theory
[18] (for reviews see [19]). In the resulting scenario, a scalar is forced to emerge from an
initial singularity climbing up a steep exponential potential, and its pre-inflationary deceleration
provides a natural origin for the lack of power at small k, which is typically accompanied, in
the resulting scenarios, by pre–inflationary peaks. As in [15, 16], here we proceed from a
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phenomenological vantage point, but this scenario clearly lies behind our motivations. This
“climbing scenario” actually translates into a family of power spectra that depend on the
initial conditions for the inflaton, as described in [13, 14]. Still, the simple spectrum of eq.(2)
captures their generic behavior in the transition region.
The primordial tensor power spectrum is also affected by the transition from fast–roll to
slow–roll, in such a way that, locally, the tensor-to-scalar ratio rTS can grow by about one order
of magnitude in the region [16]. However, in the spirit of the preceding considerations, here
we shall ignore this subtlety and, in order to capture the gross features of the phenomenon, we
shall resort to a similar parametrization,
PT (k) = AT
(
k
k0
)3
[(
k
k0
)2
+
(
∆
k0
)2] 3−nT2 (4)
with the same scale ∆ but with a different amplitude AT and involving the different tensor
spectral index nT , for which we abide to the standard notation. It is known that the amplitude
of tensor perturbation is small, with a tensor-to-scalar ratio rTS here characterized by rTS =
AT/AS < 0.07 [10], so that one can not see the effect in correlations between temperature
perturbations and E-mode polarizations, where scalar perturbations dominate. On the other
hand, in correlations of B-mode polarizations, namely CBBℓ or D
BB
ℓ = (ℓ(ℓ + 1)/2π)C
BB
ℓ , the
contributions of tensor perturbations dominate over those of scalar perturbations, especially in
low-ℓ region. Matters are indeed complicated by the fact that, in the region of ℓ & 10, large
contributions to B-mode polarizations of scalar perturbations induced by gravitational lensing
dominate over those from primordial tensor perturbations [21]. As a result, the distortion of
the primordial tensor perturbations of eq.(4) can directly reflect on DBBℓ only in the region of
ℓ . 10. The extent of this effect depends on the actual value of tensor-to-scalar ratio and the
actual magnitude of the lensing effect. In this paper we work with rTS = 0.03 and assume that
the lensing effect is negligible, or subtracted somehow by some theoretical and observational
estimates.
The primordial CMB radiation is not expected to be polarized, and polarization is induced
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via the process of Thomson scattering with free electrons. The free electrons needed for the
polarization at small angular scales are produced in the process of recombination, which did
not perfectly neutralize the Universe, so that a certain amount of electrons and ions remained
available to affect the CMB polarization. The density of these free electrons was diluted by
the expansion of the universe, while the free electrons inducing polarization at larger angular
scale perturbations, ℓ . 10, were produced in the process of reionization. Therefore, a proper
knowledge of the reionization process impinges on this route to attain further evidence for the
start of inflation.
In this work we investigate the B-mode polarization power spectrum DBBℓ , concentrating
on the region of ℓ . 10. We use the semi-analytic method pioneered by Polnarev [22], with
a truncation that clearly highlights the underlying Physics. Comparing predictions resting on
the power spectrum of eq. (4) with those of ΛCDM model, we provide some evidence to the
effect that cosmic-variance limited measurements by LiteBIRD, for example, might be able
to provide further indirect evidence for these types of manifestations of the start of inflation.
In the next section we describe our semi–analytic estimate of the B-mode polarization power
spectrum DBBℓ . To this end, we introduce a convenient truncation, at the price of sacrificing
quantitative precision. This simplified procedure is possible, since we concentrate on the low-ℓ
region, and the period of time evolution is merely from typical red shifts corresponding to the
start of reionization zion ≃ 8 to the present epoch. In section 3 we present B-mode polarization
power spectra, taking into account several possible decorations of the primordial tensor power
spectrum of eq. (4). We also investigate how details of the reionization process can affect the
results. To this end, we consider the effects on the value of zion and of the difference between
instantaneous reionization and slow increase of the free electron density, while keeping the
optical depth constant at the value τ ≃ 0.054 [10]. In the last section we conclude with a
discussion of the possible statistical significance of this type of insights on the start of inflation.
4
2 The Semi–Analytic Strategy
We follow the formalism pioneered by Polnarev in [22], where he introduced the Boltzmann
equation for an array of occupation numbers of polarized radiation. The formalism is a coun-
terpart of the semi-analytic formalism for temperature perturbations pioneered by Mukhanov
[23, 24]. In the following we are going to use the formalism without providing a detailed review,
which the reader can find in [25] and in the review sections of [26, 27, 28].
The Boltzmann equation for the time evolution of photon occupation numbers encoding the
evolution of polarization as they propagate in the background of tensor perturbations and free
electrons is
∂f˜
∂η
− nˆi
∂f˜
∂xi
−
1
2
∂hij
∂η
nˆinˆjν
∂f˜
∂ν
= − g(η)(f˜ − J˜) , (5)
where η is the conformal time of the metric
ds2 = a2
(
dη2 − (δij + hij)dx
idxj
)
(6)
with tensor perturbations hij , nˆ = (sin θ cosφ, sin θ sinφ, cos θ) is a unit vector pointing toward
the sky in the direction of the photons to be observed, and
f˜ =


nθ
nφ
nU

 = f0




1
1
0

+ f˜1

 , J˜ =
1
4π
∫ 1
−1
dµ′
∫ 2π
0
dφ′P˜ (µ, φ, µ′, φ′)f˜(µ′, φ′) (7)
with µ ≡ cos θ. The components of f˜ , nθ, nφ and nU , are defined by the squared amplitudes of
the electric fields of radiation, Iθ = E
2
θ , Iφ = E
2
φ and UI = 2EθEφ, divided by ∆ν · hν
3/c2. The
frequency of CMB radiation that we are supposed to observe in this work is ν ∼ ν +∆ν with
small ∆ν/ν. Note that f˜ is not a vector in space, but simply an array. The first term of f˜ is
the background contribution of the occupation number of black-body radiation
f0 =
e−hν/kBT0
1− e−hν/kBT0
(8)
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and f˜1 describes perturbations or fluctuations around it. The right-hand-side of eq.(5) describes
the effect of Thomson scattering with
P˜ =
3
4


µ2µ′2 cos 2(φ′ − φ) −µ2 cos 2(φ′ − φ) µ2µ′ sin 2(φ′ − φ)
−µ′2 cos 2(φ′ − φ) cos 2(φ′ − φ) −µ′ sin 2(φ′ − φ)
−2µµ′2 sin 2(φ′ − φ) 2µ sin 2(φ′ − φ) 2µµ′ cos 2(φ′ − φ)

 , (9)
and g(η) = σTne(η)a(η), where σT = (8π/3)(α/me)
2 is the Thomson scattering cross section,
ne(η) is the number density of free electrons, and a(η) is the scale factor.
The key observation in [29] is that for a plane wave perturbation
hij = Dk(η)e
+
ije
−ikz (10)
with “plus” polarization e+ij = diag(1,−1, 0), for example, the fluctuation f˜1 is described as
f˜1k = αk(η, µ) a˜+ βk(η, µ) b˜ (11)
using specific basis arrays of
a˜ =
1
2
(1− µ2) cos 2φ


1
1
0

 , b˜ =
1
2


(1 + µ2) cos 2φ
−(1 + µ2) cos 2φ
4µ sin 2φ

 (12)
by virtue of a special structure of the matrix P˜ and e+ijnˆinˆj = sin
2 θ cos 2φ. Therefore, the
Boltzmann equation reduces to the following two equations for βk and ξk ≡ βk + αk.
dβk(µ)
dη
+ (ikµ+ g(η))βk(µ) = g(η)Gk, (13)
dξk(µ)
dη
+ (ikµ+ g(η))ξk(µ) = γ
dDk
dη
, (14)
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where
Gk ≡
3
16
∫ 1
−1
dµ′
[
(1 + µ′2)2βk(µ
′)−
1
2
(1− µ′2)2ξk(µ
′)
]
(15)
is called the “source function”, and
γ ≡
ν
f0
∂f0
∂ν
= −
hν
kBT0
1
1− e−hν/kBT0
. (16)
The time dependence of tensor perturbations is determined by
d2Dk
dη2
+
2
a
da
dη
dDk
dη
+ k2Dk = 0 ,
1
a2
da
dη
=
√
ρ
3M2P
, (17)
with the initial conditions given by primordial tensor power spectra (neglecting the dumping
effect through anisotropic inertia [30], for simplicity).
Almost the same is true for the case of plane wave perturbation with “cross” polarization.
Note that more precisely the tensor perturbations are described as
hij(x) =
∫
d3k
(2π)3
∑
λ=+,×
{
αˆkD
λ
ke
λ
ije
−ik·x + αˆ†
k
(Dλk)
∗(eλij)
∗eik·x
}
, (18)
with stochastic variables αˆk following 〈αˆkαˆ
†
k′
〉 = (2π)3δ3(k − k′) and the above Dk should be
identified as D+k . Every quantity with the dependence of wave number k is considered to be
introduced through the expansion with the same stochastic variables αˆk.
The polarization tensor is described as
Pab(nˆ, k) ≡
1
2

 Qk(nˆ) −Uk(nˆ) sin θ
−Uk(nˆ) sin θ −Qk(nˆ) sin
2 θ

 , (19)
where Qk(nˆ) and Uk(nˆ) are perturbations of Stokes parameters given by
Qk(nˆ) =
T0
4
(1 + µ2) cos 2φ βk(µ), Uk(nˆ) =
T0
4
2µ sin 2φ βk(µ) (20)
for “plus”–polarized tensor perturbations. The B-mode portion of the spherical harmonic
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expansion of the polarization tensor is
aBℓm(k) = Nℓ
∫
dnˆ∇a∇c ǫ
c
b P
ab(nˆ, k) (Y mℓ (nˆ))
∗ (21)
with Nℓ =
√
2(ℓ− 2)!/(ℓ+ 2)! and metric gab = diag(1, sin
2 θ), and then
CBBℓ = 2
∫
d3k
(2π)3
1
2ℓ+ 1
∑
m
|aBℓm(k)|
2 =
T 20
4π
∫
dkk2
∣∣∣∣ ℓ+ 22ℓ+ 1βk,ℓ−1 + ℓ− 12ℓ+ 1βk,ℓ+1
∣∣∣∣
2
, (22)
where
βk(µ) =
∑
ℓ
(2ℓ+ 1)βk,ℓPℓ(µ) , ξk(µ) =
∑
ℓ
(2ℓ+ 1)ξk,ℓPℓ(µ) (23)
are expansion in Legendre polynomials. In eq.(22) we have assumed a homogeneous and
isotropic Universe, and the two polarizations of tensor perturbations contribute the same
amount (parity conservation).
The magnitude of tensor perturbation Dk determines the magnitude of ξk through eq.(14).
That ξk determines in part the magnitude of the source function Gk of eq.(15), and eq.(13)
determines the magnitude of βk. This is how the magnitude of C
BB
ℓ is determined. The polar-
ization of perturbations, βk, should vanish, if tensor perturbations vanish, or with vanishing g,
in the absence of Thomson scattering with free electrons. This fact is clearly seen in the formal
solutions of eqs.(13) and (14) [31],
βk(η, µ) =
∫ η
0
dη′e−κ(η,η
′)e−ikµ(η−η
′)g(η′)Gk(η
′) , (24)
ξk(η, µ) =
∫ η
0
dη′e−κ(η,η
′)e−ikµ(η−η
′)γD˙k(η
′) , (25)
where κ(η, η′) is defined as
d
dη
κ(η, η′) = g(η) and κ(η, η) = 0 , (26)
and the initial conditions are βk(0) = 0 and ξk(0) = 0. An additional approximation identifies
η = 0 with the time at the end of inflation and also at the beginning of recombination. The
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equations for the expansion coefficients in Legendre polynomials are
β˙k,0 = −gβk,0 − ikβk,1 + gGk , β˙k,ℓ = −gβk,ℓ −
ik
2ℓ+ 1
[ℓβk,ℓ−1 + (ℓ+ 1)βk,ℓ+1] , (27)
ξ˙k,0 = −gξk,0 − ikξk,1 + γD˙k , ξ˙k,ℓ = −gξk,ℓ −
ik
2ℓ+ 1
[ℓξk,ℓ−1 + (ℓ+ 1)ξk,ℓ+1] , (28)
where ℓ > 0, dots indicate derivatives with respect to η, and
Gk =
7
10
βk,0 +
5
7
βk,2 +
3
35
βk,4 −
1
10
ξk,0 +
1
7
ξk,2 −
3
70
ξk,4 . (29)
The formal solution eq.(24) gives
βk,ℓ =
∫ η
0
dη′e−κ(η,η
′) iℓjℓ(k(η
′ − η)) g(η′)Gk(η
′) , (30)
where jℓ is a spherical Bessel function.
How can one approximate the source function Gk to investigate C
BB
ℓ , which is described
by βk,ℓ as in eq.(22)? The following truncation in eqs.(27) and (28), which can be a good
approximation for g ≫ k (the tight coupling limit [32]), is a method to obtain Gk.
β˙k,0 ≃ −gβk,0 + gGk , β˙k,ℓ ≃ −gβk,ℓ , (31)
ξ˙k,0 ≃ −gξk,0 + γD˙k , ξ˙k,ℓ ≃ −gξk,ℓ . (32)
One can reasonably expect that βℓ and ξℓ for ℓ > 0 be exponentially smaller than β0 and ξ0,
respectively. Setting βℓ = 0 and ξℓ = 0 for ℓ > 0, the equations become
β˙k,0 ≃ −
3
10
gβk,0 −
1
10
gξk,0 , ξ˙k,0 ≃ −gξk,0 + γD˙k (33)
with the source function Gk = (7/10)βk,0− (1/10)ξk,0. These equations determine a differential
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equation for the source function
G˙k ≃ −
3
10
gGk −
1
10
γD˙k , (34)
whose formal solution is
Gk(η) ≃ −
1
10
∫ η
0
dη′e−
3
10
κ(η,η′)γD˙k(η
′) . (35)
Now we concentrate on the polarization induced by the scattering with free electrons pro-
duced by reionization. The function g(η) = σTne(η)a(η) vanishes before the time of reionization
ηion, which corresponds to zion ≃ 8. The source function should also vanish before ηion. There-
fore,
βk,ℓ(η0) =
∫ η0
ηion
dη′e−κ(η0,η
′) iℓjℓ(k(η
′ − η0)) g(η
′)Gk(η
′) , (36)
Gk(η) ≃ −
1
10
∫ η
ηion
dη′e−
3
10
κ(η,η′)γD˙k(η
′). (37)
Furthermore, if the functions exp(−κ(η0, η
′)) and exp(−(3/10)κ(η, η′)) are slowly varying and
almost unity (this is the case after reionization, which will be discussed in the next section),
the preceding equations become
βk,ℓ(η0) ≃
∫ η0
ηion
dη′iℓjℓ(k(η
′ − η0)) g(η
′)Gk(η
′) , (38)
Gk(η) ≃ −
1
10
γ (Dk(η)−Dk(ηion)) , (39)
and one is thus led to a simple result:
βk,ℓ(η0) ≃ i
ℓ(−1)ℓ+1
1
10
γ
∫ η0
ηion
dη′ jℓ(k(η0 − η
′)) g(η′) (Dk(η
′)−Dk(ηion)) . (40)
The polarization of perturbations, βk,ℓ, follows directly from the scattering rate g(η) and the
tensor perturbations Dk(η).
The tensor perturbations Dk(η) are obtained solving the first equation in eq.(17) taking into
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account the background expansion of the Universe, which is determined by the second equation
in eq.(17), and with the initial condition determined by the primordial tensor power spectrum.
Since the Universe is matter dominated, ρ ∝ 1/a3, in the reionization era one can approximate
the scale factor as a(t) = (t/t0)
2/3, where t0 is the age of the Universe. The relation between
coordinate time t and conformal time η is then η/η0 = (t/t0)
1/3, and a(η) = (η/η0)
2 with
η0 = 3t0. The beginning of reionization is determined making use of the relation 1 + z = 1/a
with zion = 8 as ηion = η0/3. The initial condition is set at η = 0, approximately the time at
the end of inflation, as
Dk(0) =
√
2π2AT
k3
and D˙k(0) = 0 (41)
for the ΛCDM model, assuming for the spectral index of primordial tensor power spectrum
nT = 0 (no k dependence, which is predicted by typical inflation models), where AT = rTSAS
with tensor-to-scalar ratio rTS and the amplitude scalar perturbation AS ≃ 2.1×10
−9 [10]. We
can introduce the ∆ parameter of eq.(4) taking
Dk(0) =
√
2π2AT
(k2 +∆2)3/2
, (42)
and other possible primordial power spectra can be treated in the same way. We approximately
neglect the radiation dominated era and the recent accelerated expansion of the Universe, for
simplicity. In this setting the solution of eq.(17) is then
Dk(η) =
√
2π2AT
(k2 +∆2)3/2
· 3
√
π
2
(kη)−3/2J3/2(kη) . (43)
We may set ∆ = 0 for the ΛCDM model. Fig.1 shows the resulting behaviors of Dk(η) −
Dk(ηion) that appear in eq.(40), as functions of η for relevant values of k. The magnitudes of
perturbations with smaller wave numbers (and thus longer wave lengths or large scales) are
larger than that with larger wave numbers. Tensor perturbations with smaller wave numbers
are diluted by the expansion of the Universe for a shorter time than those with larger wave
11
Figure 1: Left: Dk(η) − Dk(ηion) [eV
−3/2] as functions of η [eV−1] for various values of
kmin = 2π/η0 to kmax = 2π/ηion (from lowest line to upper lines) with ∆ = 0 (ΛCDM model).
Right: Dk(η)−Dk(ηion) [eV
−3/2] as functions of η [eV−1] for various values of kmin = 2π/η0 to
kmax = 2π/ηion (from lowest line to upper lines) with ∆ = 0.351× 10
−3 [Mpc−1].
numbers, and the initial magnitudes of tensor perturbations with smaller wave numbers are
larger than those with larger wave numbers. The magnitudes of large–scale perturbations are
suppressed by the effect of non-zero ∆.
3 The Results and their Indications
The last step in the calculation with eq.(40) is to specify the function g(η) = σTne(η)a(η),
especially the time evolution of the free electron density ne(η) in the process of reionization.
We do not consider the free electrons that remain after recombination, since they have been
diluted by the expansion of the Universe and do not dominantly contribute to CBBℓ for ℓ . 10.
Since the reionization process is not known in detail [33], we are going to explore two extreme
cases: instantaneous reionization with nea
3 a step function and slow reionization with nea
3
increasing slowly (note that free electron density is diluted as ne ∼ 1/a
3 by the expansion of
the Universe). An important constraint is that
τ ≃
∫ η0
ηion
dη g(η) (44)
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Figure 2: Left: g [eV] in case of instantaneous reionization as a function of conformal time η
[eV−1]. Middle: g [eV] in case of instantaneous reionization as a function of redshift z. Right:
βk,ℓ/i
ℓ(−1)ℓ+1 [eV−3/2] as functions of kη0 for ℓ = 0, 2, 5 corresponding to high to low peaks (in
case of instantaneous reionization with ∆ = 0 and γ = −2.8).
is the optical depth, which is determined as τ = 0.054±0.007 [10]. Furthermore, the reionization
process should terminate by the time corresponding to z ≃ 6, consistently with the observation
of Lyman-alpha forest and Gunn-Peterson trough [34].
In case of instantaneous reionization we may set ne(η) = n
ion
e /a(η)
3, and τ = 0.054 gives
nione ≃ 1.9× 10
−21 [eV3] with zion = 8 (see left panel of fig.2). In this case
κ(η, η′) =
1
3
σTn
ion
e η0
(
(η0/η
′)3 − (η0/η)
3
)
, (45)
and the numerical value of a factor in eq.(36) is
e−κ(η0,η
′) = 1 +O(10−2) (46)
in the relevant range ηion < η < η0, so that the approximation in the previous section is
justified. The same is true for the factor exp(−(3/10)κ(η, η′)) in eq.(37) in the relevant range
ηion < η, η
′ < η0. Here, we investigate the typical wave number kion, which corresponds to the
horizon scale at the time of reionization, to understand whether the truncation can be a valid
approximation (g(ηion)≫ kion). The comoving size of the particle horizon at η = ηion is
dH(ηion) =
∫ tion
0
dt
a(t)
=
∫ ηion
0
dη = ηion. (47)
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The comoving distance from the present observer, which is measured by light propagation, is
rH(ηion) =
∫ η0
ηion
dη = η0 − ηion ≃ η0 . (48)
Therefore, the resulting angular separation at present is ∆θion ≃ dH/rH ≃ ηion/η0. Since
the corresponding multipole is ℓion ≃ π/∆θion ≃ πη0/ηion, the comoving wave number that
corresponds to the scale of horizon at the beginning of reionization is
kion =
2π
dH(ηion)
≃
2
η0
ℓion ≃ 1.0× 10
−33 ℓion [ev]. (49)
This is about three times larger than g(ηion) ≃ 2.6 × 10
−34 [eV], and the truncation is not a
good approximation. But the truncation is not a terribly bad approximation either, because
the peak value of |βℓ| is larger than that of |βℓ′| for ℓ < ℓ
′ (see the right panel of fig.2), and the
same is true for |ξℓ|. Therefore, the truncation is a worthwhile procedure to provide a simple
understanding of the basic Physics, although the precision is somewhat sacrificed.
The value of γ, which is defined in eq.(16), depends on the frequency of the observed
CMB radiation1. The higher frequencies give larger |γ|. The frequencies for polarization mea-
surements by PLANCK are 30, 44, 70, 100, 143, 217 and 353 [GHz] [1], and the corresponding
frequency range by LiteBIRD, for example, will be 40 ∼ 400 [GHz] [35]. In this paper we take
ν = 150 [GHz] and γ ≃ −2.8.
The result for the B-mode polarization power spectrum DBBℓ for ΛCDM model is displayed
in the middle panel of fig.3. In this paper we take rTS = 0.03 and AS = 2.1 × 10
−9 for all
numerical calculations. The result is consistent with more precise numerical calculations, even
in a certain quantitative level (see [35], for example). It can be simply understood looking
at eq.(40) (and eq.(22)) while taking into account the well-known behavior of spherical Bessel
functions jℓ(x) that choose smaller x for smaller ℓ and vice versa. For larger ℓ, which correspond
to smaller scales or larger wave numbers, the magnitude of the resulting power is small because
of the smaller magnitude of tensor perturbations (see fig.1). For smaller values of ℓ, which
1 Notice that the frequency dependence is introduced in the general perturbation in eq.(7) by the setup of
[26], to which we are referring.
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Figure 3: The plots in upper line show DBBℓ = (ℓ(ℓ + 1)/2π)C
BB
ℓ [µK
2] (∆ = 0 case) under
instantaneous reionization with various red shift values at the start of reionization: zion = 7,
zion = 8 and zion = 9 from left to right, respectively, where dashed lines in the left and right
panels correspond to zion = 8. The plots in the lower line show the difference between the
zion = 7 and zion = 8 cases and the differences between the zion = 9 and zion = 8 cases,
corresponding to the left and right plots in the upper line, respectively.
correspond to larger scales or smaller wave numbers, the power is also small because of smaller
free electron density (see left panel of fig.2). Therefore, a peak is present for a certain value of
ℓ.
The left and right panels of fig.3 display DBBℓ with different times at the start of reionization,
zion = 7 and zion = 9 in terms of red shift. For zion = 7, the overall magnitude of the free electron
density increases because of the constraint of eq.(44), and the low-ℓmagnitude ofDBBℓ increases,
instead of decreasing the high-ℓ magnitude of DBBℓ , due to the shorter time period available to
produce polarizations. The opposite happens for zion = 9. We shall need other observables to
determine the time at the beginning of reionization, and to reduce the uncertainty of predictions.
Let us now consider the effects of deformations of the primordial tensor power spectrum
with instantaneous reionization at zion = 8. Three types of possible primordial tensor power
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Figure 4: Three types of possible primordial tensor power spectra with k in [Mpc−1], from
left to right: for mild cut-off with ∆ = 0.351 × 10−3 [Mpc−1], for sharp cut-off, and for sharp
cut-off and “overshoot”, or a peak. The dotted line in each panel indicates the spectrum in
ΛCDM model.
spectra are displayed in Fig.4. The left panel shows the power spectrum of eq.(4) with nT = 0
P Tk = AT
k3
(k2 +∆2)3/2
, (50)
namely the spectrum with the typical cutoff, which is supported by present observations of
temperature perturbations as a solution of the lack of power at low-ℓ. This captures the essence,
but not the details, for example, of the climbing scenario [13, 14], since it does not account for
a pre–inflationary peak. The middle panel displays a power spectrum with a sharper cut-off
P Tk = AT tanh
(
k2
∆2
−
k2min
∆2
)
, (51)
where kmin ≡ 2π/η0, and the right panel displays a similar power spectrum with a sharper
cut-off and an “overshoot” that is meant to simulate the typical pre–inflationary peaks of [14].
There are simple analytic expressions for these types of spectra. Aside from the family that
can be found in [13], one can also use
P Tk = AT
{
tanh
(
k2
∆2
−
k2min
∆2
)
+
k2 − k2min
∆2
e−(k
2−k2
min
)/∆2
}
. (52)
Such a overshoot is typical of the transition from fast-roll era to slow-roll in the absence of a
bounce (see [12], for example). Note that the last two power spectra are merely reproducing
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Figure 5: Three plots in upper line show DBBℓ = (ℓ(ℓ+1)/2π)C
BB
ℓ [µK
2] for various primordial
tensor power spectra, from left to right: for cut-off induced by ∆ = 0.351× 10−3 [Mpc−1], for
sharp cut-off, and for sharp cut-off and “overshoot”, or a peak. The dashed line in each panel
indicates the prediction of ΛCDM. Three plots in lower line show the differences with respect
to the ΛCDM prediction, from left to right: for cut-off induced by ∆ = 0.351× 10−3 [Mpc−1],
for sharp cut-off, and for sharp cut-off and “overshoot”, or a peak.
of the gross features of these types of power spectra, but are not solutions of specific models 2.
Corresponding B-mode power spectra DBBℓ are given in fig.5 in order, respectively. These power
spectra are easily understood by eq.(40) (and eq.(22)) considering the modifications of Dk as
functions of k.
For the standard cut-off with ∆, the suppression of B-mode polarization power occurs for all
values of ℓ, as it is shown in the left panel of fig.5. Presumably, one should be able to observe it
with future probes, like LiteBIRD, despite the large uncertainty due to the cosmic variance. We
will return to the statistical significance of this case in the next section. Here, we should remind
our assumption, which realizes an ideal situation, that the B-mode polarization by primordial
tensor perturbation is dominant in the region of ℓ . 10, and the other contributions, mainly the
2 A.Sagnotti and A.Gruppuso used similar expressions to investigate the effect of realistic pre–inflationary
peaks on temperature spectra, with no significant improvements with respect to [8] and [16]. This is consistent
with the failure to detect the second parameter γ in the first of these papers (private communication).
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Figure 6: Left: ne(z)a(z)
3 [eV3] for the case of slow increase of electron density (red) and
instantaneous reionization (blue). Middle-left: g [eV] as a function of conformal time η [eV−1]
in the case of slow increase of the free electron density. Middle-right: g [eV] as a function of
redshift z in the case of slow increase of the free electron density. Right: DBBℓ = (ℓ(ℓ+1)/2π)C
BB
ℓ
[µK2] for ∆ = 0 (dashed line) and ∆ = 0.351 × 10−3 [Mpc−1] (solid line) in the case of slow
increase of the free electron density.
B-mode polarization by scalar perturbations through gravitational lensing effect, are negligible
or subtracted. For the sharper cut-off, as shown in the middle panel of fig.5, the suppression
typically concerns only the first few multipoles, ℓ = 2, 3, 4, 5, where the effect of the cosmic
variance is large, and the observation will be difficult, if not impossible, even with future
probes. Of course, if the threshold of the cut were at larger value of k, the situation would
be different, but the consistency with the observed low-ℓ temperature power spectrum would
then be problematic. Furthermore, if there were an overshoot in the primordial tensor power
spectrum, as discussed in [12] or in [13], detecting it would be more difficult, as one can see in
the right panel of fig.5.
Finally, let us consider the dependence on the reionization process, considering a slow in-
crease of the free electron density. The left panel of fig. 6 shows the time evolution of the
free electron density, excluding the effect of the expansion of the Universe. Rather than the
step function, which corresponds to instantaneous reionization, we consider a slow increase of
the free electron density modelled by a tanh function. According to the observation of the
Gunn-Peterson trough, we choose it so that it increases about 90% of the full amount until
z = 6. The middle panel of fig.6 shows the shape of g(η), which should be compared to the left
panel of fig.2. The B-mode polarization power spectrum DBBℓ , with ∆ = 0.351× 10
−3 [Mpc−1],
is displayed in the right panel of fig.6. It is almost the same as in the case of instantaneous
reionization, but the overall magnitude is slightly enhanced, because of the enhancement of the
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free electron density at late times. Again, the suppression of B-mode polarization power spec-
trum occurs for all values of ℓ in the relevant range. Since the time evolution of free electron
density in the process of reionization has been strongly constrained, the effect on the B-mode
polarization power spectrum is limited. The dependence on the red shift values of beginning
the reionization is more important, as we have already seen.
4 Conclusions
In this paper we have proposed a simple semi–analytic method to investigate the low-
ℓ B-mode polarization power spectrum DBBℓ = (ℓ(ℓ + 1)/2π)C
BB
ℓ . The method rests on a
truncation, which affects its accuracy, but has the virtue of leading to the expressions in eqs.(40)
and (22) which are simple enough to highlight the Physics underlying the emergence of B-
mode polarization. Moreover, the predictions of the ΛCDM model derived in this fashion are
consistent with the results of more precise numerical calculations, even in a certain quantitative
level. We have also investigated how the incomplete knowledge of the reionization process
affects the B-mode spectrum, identifying the uncertainty on the start of reionization as the
largest source of uncertainty.
Our main theme has been the effect of possible modifications of the primordial tensor power
spectrum at large scales. The deformed power spectrum of eq. (4) yields the systematic power
reduction for low-ℓ shown in fig.7, where the uncertainties due to cosmic variance, estimated
as
√
2/(2ℓ+ 1)× 100% of the value for each ℓ, are included as error bars. All in all, however,
our results depart slightly from the ΛCDM model, since the p-value, the probability that
an observation provide a worse fit with the ΛCDM prediction than eq. (4) with the value
∆ = 0.351× 10−3 [Mpc−1] of [15, 16], is p = 0.98.
This statistical analysis, however, does not take into account the fact that the ΛCDM∆
model predicts polarizations that are systematically smaller than those of ΛCDM model. A
better handle would require some finer statistical probe, for instance the variance (the auto-
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Figure 7: DBBℓ = (ℓ(ℓ + 1)/2π)C
BB
ℓ [µK
2] with the uncertainties due to the cosmic variance.
Dashed lines indicate the prediction of the ΛCDM model with uncertainties due to the cosmic
variance, and solid lines indicate the predictions for the primordial tensor power spectrum of
eq. (4) with ∆ = 0.351 × 10−3 [Mpc−1] (left panel), ∆ = 0.28 × 10−3 [Mpc−1] (middle panel),
and ∆ = 0.17× 10−3 [Mpc−1] (right panel).
Figure 8: DBBℓ = (ℓ(ℓ+1)/2π)C
BB
ℓ [µK
2] with the uncertainties due to the cosmic variance and
optical depth τ . For each panel the dashed line with error bars from cosmic variance indicates
the prediction of the ΛCDM model with the central value of τ = 0.054± 0.007 and the dashed
lines above and below indicate those of possible larger and smaller vales of τ within 1σ. The
solid lines in each panel have the same meaning as in fig.7.
correlation function up to ℓmax)
V (ℓmax) =
ℓmax∑
ℓ=2
2ℓ+ 1
4π
CBBℓ , (53)
which was introduced to investigate the lack of the power at low-ℓ in temperature perturbations
[36, 37, 38]. In the present case, for B-mode polarizations with ℓmax = 11, VΛCDM = (1.2 ±
0.30)×10−4 µK2 and VΛCDM∆ ≃ 0.78×10
−4 µK2, so that the prediction of the ΛCDM∆ model
deviates by about 1.3σ from the predictions of ΛCDM model.
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The value of ∆ = 0.351×10−3 [Mpc−1] was obtained from the fit of data with best statistical
significance, using an extended galactic mask that grants a 39% sky coverage [15, 16]. With
smaller galactic masks, the value of ∆ becomes smaller: ∆ = 0.28 × 10−3 [Mpc−1] granting
a 59% sky coverage, and ∆ = 0.17 × 10−3 [Mpc−1] with the standard galactic mask granting
a 94% sky coverage. The corresponding DBBℓ for these smaller values of ∆ are shown in the
middle and right panels of fig.7. The corresponding variances are VΛCDM∆ ≃ 0.89× 10
−4 [µK2]
and VΛCDM∆ ≃ 1.1 × 10
−4 [µK2], and are consistent with the predictions of the ΛCDM model
(less than 1σ away from its prediction). Fig.8 shows the plots of the same of fig.7 with the
uncertainty of the value of optical depth τ = 0.054± 0.007 [10]. The change of the value of τ
shifts the normalization of the spectrum with small ℓ dependence, which should be compared
with the larger ℓ dependent distortions by larger values of ∆. The details of the reionization
process can only have a limited impact on our considerations, insofar as the uncertainty on τ
remains of the order of 10% 3.
The uncertainty of the value of reionization redshift zion also affects the investigation of ∆
(see Figs.3 and 5). The ambiguity of the value of zion causes a little horizontal parallel shift of
the B-mode angular power spectrum, which differs however from a larger vertical suppression
induced by ∆. Therefore, it is fair to expect that the ambiguity of zion should not be very
important for the determination of ∆. Anyway, it will be important to include the precise
knowledge about reionization process by future experiments, like Square Kilometer Array, for
example. The joint analysis of TT and EE or TT, EE and BB power spectra will be effective,
since the interplays between τ and ∆ are different in each power spectrum. We leave this
analysis for future work.
In conclusion, we have highlighted the main features of the phenomena at the origin of low–ℓ
B-mode polarization with a simple method, but we are presently unable to gather a convincing
evidence linking the lack of power that can be potentially observed in forthcoming experiments
on B-mode polarization to the start of inflation. More accurate numerical investigations will be
necessary for a more precise assessment of the statistical significance of these effects. This might
also allow, in principle, to investigate further primordial tensor perturbations with different
3The author would like to thank A.Gruppuso and P.Natoli for raising this point.
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features around the time of the start of inflation.
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